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DISCRIMINANTS, SYMMETRIZED GRAPH MONOMIALS, AND
SUMS OF SQUARES CERTIFICATES
PER ALEXANDERSSON
Abstract. Here we present certificates for 5 classes of 6-edged multigraphs
whose symmetrized graph monomials may be represented as sum of squares,
but not as linear combinations of partition square graphs. This is a comple-
ment to the results presented in [1].
1. Background
In [1], we have the following definition:
Definition 1. Let g be a directed graph, with vertices x1, . . . , xn and adjacency
matrix (aij), being non-negative integers. Define first its graph monomial Pg as
follows
Pg(x1, . . . , xn) :=
∏
1≤i,j≤n
(xi − xj)
aij ,
where aij is the number of directed edges joining xi with xj .
The symmetrized graph monomial of g is defined as
g˜(x) =
∑
σ∈Sn
Pg(σx), x = x1, . . . , xn.
Two multigraphs are equivalent if the first corresponding symmetrized graph
monomial is a constant multiple of the other.
We study the set of symmetrized graph monomials obtained from multigraphs
with 6 edges. There are 212 such multigraphs.
One main result in [1] is the following proposition:
Proposition 1. (i) 102 graphs with 6 edges have identically vanishing symmetrized
graph monomial. (ii) The remaining 110 graphs are divided into 27 equivalence
classes. (iii) 12 of these classes can be expressed as non-negative linear combinations
of square graphs, i.e. lie in the convex cone spanned by the square graphs. (iv) Of
the remaining 15 classes, symmetrized graph monomial of 7 of them change sign.
(v) Of the remaining 8 classes (which are presented in Fig. 1) the first 5 are sums
of squares.
Proposition (i),(ii), (iii) and (iv) follows from direct computation.
2. Certificates
Here we give certificates that the symmetrized graph monomial for the first
5 classes given in Fig. 1 are sum of squares, corresponding to the last case in
Prop. 1. The graphs in each row yield the same polynomial, up to a constant. The
symmetrized graph monomial from row i is a constant multiple of the polynomial
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i , where vi is the coefficient vector and Qi is the corresponding symmetric
positive semi-definite matrix, given below. It is well-known that this certifies that
the first 5 classes of graphs are sum of squares.
It is relatively straightforward to verify that the polynomials indeed are non-
negative, using methods similarly to [2]. By using Matlab together with Yalmip,
one may verify that the last three classes cannot be expressed as sums of squares.
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Figure 1. 8 equivalence classes of all non-negative graphs with 6 edges.
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Figure 3. Q2
DISCRIMINANTS, SYMMETRIZED GRAPH MONOMIALS, AND SOS 5
10 -6 -5 -4 3 3 -1 -5 -4 3 8 0 -2 3 -1 -2
-6 10 3 -4 -5 -1 3 3 -4 -5 0 8 -2 -1 3 -2
-5 3 10 -4 -1 -6 3 -5 8 -2 -4 0 3 3 -2 -1
-4 -4 -4 24 -4 -4 -4 8 -8 8 -8 -8 8 0 0 0
3 -5 -1 -4 10 3 -6 -2 8 -5 0 -4 3 -2 3 -1
3 -1 -6 -4 3 10 -5 3 0 -2 -4 8 -5 -1 -2 3
-1 3 3 -4 -6 -5 10 -2 0 3 8 -4 -5 -2 -1 3
-5 3 -5 8 -2 3 -2 10 -4 -1 -4 0 -1 -6 3 3
-4 -4 8 -8 8 0 0 -4 24 -4 -8 -8 0 -4 -4 8
3 -5 -2 8 -5 -2 3 -1 -4 10 0 -4 -1 3 -6 3
8 0 -4 -8 0 -4 8 -4 -8 0 24 -8 -4 -4 8 -4
0 8 0 -8 -4 8 -4 0 -8 -4 -8 24 -4 8 -4 -4
-2 -2 3 8 3 -5 -5 -1 0 -1 -4 -4 10 3 3 -6
3 -1 3 0 -2 -1 -2 -6 -4 3 -4 8 3 10 -5 -5
-1 3 -2 0 3 -2 -1 3 -4 -6 8 -4 3 -5 10 -5
-2 -2 -1 0 -1 3 3 3 8 3 -4 -4 -6 -5 -5 10
Figure 4. Q3
6. -6. -1.24933 1.24832 -6. 7.24702 -1.24783 -1.24847 -1.24693 1.24745 -6. 7.24696 -1.24782 7.2452 -2.25283 -1.24694 -1.24842 -1.24691 -1.24691 1.24741
-6. 10.4987 -3.24832 -1.24933 3.75298 -7.24802 3.49586 3.49499 -1.0006 -1.24694 3.75304 -7.24796 3.49577 -7.24787 2.25751 1.24644 3.49488 -1.00054 1.24639 -1.2469
-1.24933 -3.24832 10.4987 -6. 3.49585 -7.24804 3.75299 -1.0006 3.49498 -1.24694 3.49578 -7.24797 3.75306 2.25755 -7.24784 1.24642 -1.00056 3.49485 1.24639 -1.24689
1.24832 -1.24933 -6. 6. -1.24782 7.24701 -6. -1.24692 -1.24845 1.24743 -1.24781 7.24694 -6. -2.25288 7.24517 -1.24692 -1.2469 -1.24839 -1.24688 1.24738
-6. 3.75298 3.49585 -1.24782 10.4969 -7.24806 -0.997892 -3.24745 3.49318 -1.24847 3.7548 -7.24963 1.24551 -7.24622 2.25754 3.49497 3.49312 1.24821 -1.00062 -1.2469
7.24702 -7.24802 -7.24804 7.24701 -7.24806 23.9982 -7.24806 -7.24623 -7.24622 7.24522 -7.24967 4.99393 -7.24966 4.9903 4.99031 -7.24787 2.25756 2.25755 2.25758 -2.2529
-1.24783 3.49586 3.75299 -6. -0.997892 -7.24806 10.4969 3.49316 -3.24743 -1.24845 1.2455 -7.24961 3.75483 2.25757 -7.24619 3.49493 1.24821 3.49306 -1.00062 -1.24688
-1.24847 3.49499 -1.0006 -1.24692 -3.24745 -7.24623 3.49316 10.4969 3.75478 -6. 3.49316 2.2575 1.24822 -7.24804 -7.24967 3.753 -0.997877 1.24552 3.49585 -1.24781
-1.24693 -1.0006 3.49498 -1.24845 3.49318 -7.24622 -3.24743 3.75478 10.4969 -6. 1.24823 2.25748 3.49312 -7.24967 -7.24801 3.75301 1.24551 -0.997857 3.49583 -1.24781
1.24745 -1.24694 -1.24694 1.24743 -1.24847 7.24522 -1.24845 -6. -6. 6. -1.24693 -2.2528 -1.24693 7.247 7.24699 -6. -1.24783 -1.24782 -1.24934 1.24831
-6. 3.75304 3.49578 -1.24781 3.7548 -7.24967 1.2455 3.49316 1.24823 -1.24693 10.4968 -7.24796 -0.997842 -7.24621 2.25753 -1.00059 -3.24741 3.49307 3.49492 -1.24842
7.24696 -7.24796 -7.24797 7.24694 -7.24963 4.99393 -7.24961 2.2575 2.25748 -2.2528 -7.24796 23.9979 -7.24795 4.99031 4.9903 2.25746 -7.24617 -7.24616 -7.24777 7.24514
-1.24782 3.49577 3.75306 -6. 1.24551 -7.24966 3.75483 1.24822 3.49312 -1.24693 -0.997842 -7.24795 10.4968 2.25755 -7.24618 -1.00056 3.49305 -3.24738 3.49486 -1.24839
7.2452 -7.24787 2.25755 -2.25288 -7.24622 4.9903 2.25757 -7.24804 -7.24967 7.247 -7.24621 4.99031 2.25755 23.9982 4.99393 -7.24802 -7.24803 -7.24967 -7.24805 7.247
-2.25283 2.25751 -7.24784 7.24517 2.25754 4.99031 -7.24619 -7.24967 -7.24801 7.24699 2.25753 4.9903 -7.24618 4.99393 23.9981 -7.24801 -7.24966 -7.24798 -7.24801 7.24697
-1.24694 1.24644 1.24642 -1.24692 3.49497 -7.24787 3.49493 3.753 3.75301 -6. -1.00059 2.25746 -1.00056 -7.24802 -7.24801 10.4987 3.49586 3.49582 -3.24831 -1.24934
-1.24842 3.49488 -1.00056 -1.2469 3.49312 2.25756 1.24821 -0.997877 1.24551 -1.24783 -3.24741 -7.24617 3.49305 -7.24803 -7.24966 3.49586 10.4968 3.75486 3.753 -6.
-1.24691 -1.00054 3.49485 -1.24839 1.24821 2.25755 3.49306 1.24552 -0.997857 -1.24782 3.49307 -7.24616 -3.24738 -7.24967 -7.24798 3.49582 3.75486 10.4968 3.75303 -6.
-1.24691 1.24639 1.24639 -1.24688 -1.00062 2.25758 -1.00062 3.49585 3.49583 -1.24934 3.49492 -7.24777 3.49486 -7.24805 -7.24801 -3.24831 3.753 3.75303 10.4987 -6.
1.24741 -1.2469 -1.24689 1.24738 -1.2469 -2.2529 -1.24688 -1.24781 -1.24781 1.24831 -1.24842 7.24514 -1.24839 7.247 7.24697 -1.24934 -6. -6. -6. 6.
Figure 5. Q4
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Figure 6. Q5
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